Abstract. Let I(g, q, N ) be the number of isogeny classes of g-dimensional abelian varieties over a finite field Fq having a fixed number N of Fq-rational points. We describe the asymptotic (for q → ∞) distribution of I(g, q, N ) over possible values of N . We also prove an analogue of the Sato-Tate conjecture for isogeny classes of g-dimensional abelian varieties.
Introduction
This paper deals with two connected problems: the distribution of Frobenius roots and that of isogeny classes for abelian varieties over a finite field F q (cf. Problem 7.5 in [Ts/Vl]).
Our main motivation is the well-known Sato-Tate conjecture for elliptic curves (cf. e.g., [Se1] , Ch. 1), which we are going to recall. Let E be an elliptic curve over a finite field k = F q of cardinality q. According to a theorem of Hasse (the Riemann hypotesis for the zeta-function of E) the number of F q -rational points of E is equal to q + 1 − α −ᾱ, where α is a complex number,ᾱ its complex conjugate. and αᾱ = q. One can write α = e iπθ √ q with 0 ≤ θ ≤ 1. The real number θ := θ(E) is uniquely determined by E.
Assume that E is an elliptic curve without complex multiplication over the field of rational numbers Q. For all but finitely many rational primes p, the reduction E p of E is well defined, and E p is an elliptic curve over the finite field F p . The numbers θ p = θ(E p ) are thus defined, and the Sato-Tate conjecture asserts that they are distributed uniformly on [0, 1] with respect to the measure 2 sin 2 (πθ)dθ, where dθ is the usual Lebesgue measure.
One can translate this conjecture in terms of the Haar measure on SU 2 as follows. In the above notation let ρ l : G = Gal(Q/Q) → GL 2 (Q l ) Θ q := {θ(E) ∈ [0, 1] : E an elliptic curve over F q }.
Note that we consider Θ q as a family rather than a set, i.e., we count each θ(E) with multiplicity given by the number of corresponding isomorphism classes.
Theorem [B] . The family Θ = p prime Θ p is uniformly distributed with respect to the Sato-Tate measure.
If the ground field K is a global field of positive characteritic (i.e., a global function field), the corresponding Sato-Tate conjecture can be proved in two different ways [Y] , [Mu] . In [Y] it is noted that, in the function field case with fixed p, the conjecture is essentially equivalent to asserting the uniformity of the distribution of families Θ p m for m tending to infinity which can be treated as in [B] . In [Mu] essentially the same result is obtained by using L-functions.
The Sato-Tate conjecture can be generalized to motives over number fields [Se2] . Let us present this generalization for (motives of) abelian varieties. Let A be a g-dimensional abelian variety over a number field k which is absolutely simple (i.e., Endk(A) = Z). Then for almost any place v of k, the reduction A v of A modulo v is an abelian variety over the finite residue field κ(v) of cardinality N (v) = q v . The image F A,v, of the (conjugacy class of the) Frobenius element Fr v ∈ Gal(k/k) under the -adic representation associated to A
lies in the group of symplectic similitudes GSp 2g (Q ), it does not (conjecturally) depend on , and is (also conjecturally) Q-rational; thus it can be considered as an element of GSp 2g (C). Moreover, the analogue of the Riemann Hypothesis, known for abelian varieties over finite fields, implies that the matrix q 
In this case the Sato-Tate conjecture asserts that the family
is uniformly distributed on Σ g with respect to the measure induced on Σ g by the Haar measure of USp 2g (C) given by the Weyl formula [Wey] :
(To be precise, one should impose an extra condition on A; this condition is automatic for g = 2, 6 and any odd g, but can fail say, for g = 4, cf. [Se2], 4.5.) In analogy with the results of Yoshida and Murthy, one could conjecture that the same is true on the average for g-dimensional abelian varieties over a large finite field. Namely, let g be a fixed positive integer, A be an abelian variety over a finite field F q of dimension g, and let X A,q = e πiθ1 , e −πiθ1 , e πiθ2 , . . . , e −πiθg be, as above, the corresponding set of eigenvalues. Define the (countable) family
where A runs over the (finite) set of F q -isomorphism classes, and q runs over all prime powers. One can also consider versions with q running over primes (as in [B] ), or over powers of a prime (as in [Mu] and [Y] ). It is then natural to conjecture that this family ordered by the growth of q is uniformly distributed with respect to µ ST (g). The results in [Y] and [Mu] correspond to g = 1.
However, a more thorough analysis [Ho] shows that in this setting one should also suppose A to be principally polarized. Thus, instead of the family Θ g , we consider the family
where A runs over the set of all principally polarized abelian varieties. The conjecture is that the family Θ prin g is uniformly distributed with respect to µ ST (g). Note that for g = 1 the families Θ prin g and Θ g do coincide, this being no longer true for g > 1.
In this paper we consider an analogue of this question for isogeny classes. To formulate this analogue, let us point out that if A and B are two isogenous abelian varieties over a finite field F q , then X A,q = X B,q , Θ A,q = Θ B,q (cf. [We] ) and thus one can define the set Ξ g ⊂ Σ g by
A running over isogeny classes of g-dimensional abelian varieties over F q . Note that Ξ g and Θ g coincide as sets, but the multiplicity of any element in Ξ g equals one (i.e., this family is just a set, which follows from the Honda-Tate theorem), while multiplicities in Θ g are given by cardinalities of isogeny classes of g-dimensional abelian varieties. Our main result on the distribution of the Frobenius roots is Theorem A. The set Ξ g ⊂ Σ g is uniformly distributed on Σ g with respect to the probability measure
the real positive constant v g being given by
Remarks. 1. The heuristic arguments of [Ho] together with Theorem A give the density
for the distribution of the family Θ g ; this density is different from µ ST (g). 2. One could also consider the set Ξ prin g , which is the set supporting the family Θ prin g . For this set one presumably has the same distribution as in Theorem A; it is surely so for odd g, which follows from the main results of [Ho1] and [Ho/Zh] .
Another question which we consider in the present paper is: how many isogeny classes of g-dimensional abelian varieties over a finite field correspond to a given number of rational points?
The question makes sense due to well-known result of A. Weil [We] :
Theorem. If A and B are two isogenous abelian varieties over a finite field F q then #A(F q ) = #B(F q ).
In the case of elliptic curves (i.e., that of dimension 1) the answer is very simple and well-known (cf. [Wa] ): an isogeny class of elliptic curve is completely determined by its number of points, and there exists an elliptic curve E over F q with #E(F q ) = N for any N ∈ [q + 1 − 2 √ q, q + 1 + 2 √ q] such that N = 1 (mod p) where p is the characteristic of F q (i.e., if the isogeny class of E is ordinary); the possible orders #E(F q ) are also known for supersingular elliptic curves E. In higher dimensions the situation is completely different: the number of classes corresponding to a given number of rational points N = #A(F q ) varies significantly with N . We shall investigate this problem asymptotically, for growing q. More precisely, we fix the dimension g ≥ 1 and, for a given prime power q, construct a discrete measure µ g,q on the interval [−1, 1] characterizing the distribution of number of isogeny classes of g-dimensional abelian varieties over N , and then let q tend to infinity. It turns out that the limit measure µ g,∞ exists, moreover, it has a continuous density, which can be often calculated explicitly.
Our principal results are
where the function F g (t) satisfies the following conditions (1) F g (t) is continuous and even,
(4)
For g = 2 and 3 the function F g (t) can be calculated explicitly.
(ii) If g = 3, then
Our treatment of these problems is based on the very nice paper [DP/H] by DiPippo and Howe.
The rest of this paper is organized as follows. In Section 2 we introduce the isogeny measure, in Section 3 we prove the existence of the limit measure, and in Section 4 we describe the principal properties of this limit measure, thus proving Theorems B and C. In Section 5 we prove Theorem A. We conclude the paper with Section 6, which contains some comments and open problems.
Notation. For a finite set S, by #S we denote its cardinality, [x] denotes the integer part of x ∈ R. For a prime power q = p a , we set r(q) = 1 − 1/p. For an abelian variety A over F q its group of F q -rational points is denoted by A(F q ). If F and G are two real positive functions on the set P of prime powers, then we write F G provided lim q→∞ F/G = 1. For an element r ∈ X, where X is a compact topological space, we denote by δ r the Dirac measure at r (which is an element of C(X) * ).
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Isogeny measure
We begin by recalling some known facts about abelian varieties over finite fields. First of all, Weil's "Riemann Hypotesis" [We] gives the estimate
for the number of points of an abelian variety A over a finite field F q . Thus, the number of possible values of #A(F q ) equals 2m g (q) + 1 with
Then let us recall the principal result of [DP/H]:
Theorem 2.1. Let I(q, g) be the number of isogeny classes of g-dimensional abelian varieties over F q . As q → ∞ over prime powers, g being fixed, we have
For a given N , let I(g, q, N ) denote the number of isogeny classes with #A(F q ) = N . Since there exist 2m g (q) + 1 4gq g−1/2 possible values of #A(F q ), we see that the average value of I (g, q, N ) 
. Clearly, µ g,q is a discrete measure on the segment [−1, 1] and it characterizes the distribution of the numbers I(g, q, N ) over possible values of N . The normalizing coefficient is chosen in such a way that the total mass of µ g,q remains bounded (and tends to a limit) as q tends to infinity; this measure is not a probability (but could easily be renormalized to become one). Note also that for g = 1 and 2 the measures
count exactly the number of isogeny classes corresponding to a given number of rational points. We shall be interested in the asymptotic behaviour of µ g,q for q tending to infinity over prime powers, g being fixed. For g = 1 this behaviour is very simple. Indeed, using the description of I(1, q, N ) given in the introduction, one sees immediately that the measure µ 1,q tends to the uniform Lebesgue measure dt on the segment [−1, 1]. In this case the limit measure gives no interesting information since we have a very precise description of isogeny classes. For g ≥ 2 such information is no longer available, and thus the limit measure (if it exists) could be useful.
Existence of the limit measure
We begin by recalling some results from [DP/H] 
Therefore, g b (x) is a real reciprocal polynomial. Let us define V n to be the set of such b ∈ R n that all complex roots of g b (x) lie on the unit circle. Note that if a real monic polynomial g(x) of degree 2n has all its roots on the unit circle and the multiplicity of 1 and −1 is even, then g(x) = g b (x) for some b ∈ R n . Thus the set V n describes the set of such polynomials.
Proposition 3.1 [DP/H]. The set V n is homeomorphic to a closed simplex, and its volume equals
Let us describe an explicit homeomorphsim Φ introduced in [DP/H] of the symplex
It is constructed as the composition Φ = X ·Ψ, where X and Ψ are as follows. For any c = (c 1 , . . . , c n ) ∈ R n let h c := x n +c 1 x n−1 +· · ·+c n . If r = (r 1 , . . . , r n ) ∈ R n , then c = Ψ(r) is defined from the equality (x − r 1 ) . . . (x − r n ) = h c , i.e., c i is (−1) i times the i-th symmetric polynomial in r j . Given a vector c ∈ R n , the vector X(c) is defined to be the unique b ∈ R n such that
Note that for any i, 1 ≤ i ≤ n, we have (terms involving only c 1 , . . . , c i−1 );
and, in particular, c 1 = b 1 . Then let λ ∈ [−2n, 2n] be a real number and
The set V n (λ) is a compact subset of R n−1 ; we denote its (n − 1)-dimensional volume by v n (λ). Clearly, v n (λ) is a continuous even function on the segment [−2n, 2n] , and v n (−2n) = v n (2n) = 0, v n (t) > 0 for t ∈ (2n, −2n).
Theorem 3.1. The limit measure µ g,∞ exists and has a continuous density. Moreover,
Proof. The proof is very close to the proof of the main result of [DP/H] . It is based on some lemmas therein.
Lemma 3.1 (Proposition 3.1.1 in [DP/H]). Let
be a real polynomial such that b = (b 1 , . . . , b n ) ∈ V g , and (i) for any i = 1, . . . , g one has a i := q i b i ∈ Z; (ii) a g is not divisible by p. Then there exists an ordinary abelian variety A over F q , dim A = g, such that the polynomial
is the characteristic polynomial f A of the Frobenius acting on (the Tate module of ) A.
Lemma 3.2 (Proposition 3.1.3 in [DP/H]).
Let A be a non-ordinary abelian variety over F q of dimension g, let a g be the middle coefficient of f A , and let v be the p-adic valuation of Q with v(q) = 1. Then v(a g ) ≥ 1/2.
To count isogeny classes, one uses certain lattices introduced in [DP/H] . Let e 1 , . . . , e g be the standard basis in R g , and let Λ q be the the lattice in R g generated by the vectors q −i/2 e i . Let Λ q and Λ q be the lattices generated by the same set of vectors except that q −g/2 e g is replaced by pq −g/2 e g for Λ q , and q −g/2 e g is replaced by sq −g/2 e g for Λ q , where s is the smallest power of p such that q | s 2 . Of course,
Let then I(g, q) be the set of isogeny classes of abelian varieties of dimension g over F q , O(g, q) and N (g, q) being the set of ordinary and non-ordinary classes, respectively. If A is an abelian variety of dimension g over F q , the characteristic polynomial f A of Frobenius can be written as
with a i ∈ Z, b i := a i q −i/2 , i = 1, 2, . . . , n. Clearly, b ∈ V g ∩ Λ q , so that one can define the map
As it is explained in [DP/H], Subsection 3.1, the Honda-Tate theorem and Lemmas 3.1 and 3.2 give the following
Then let us fix t ∈ [−1, 1]. The assertion of Theorem 3.1, considered locally at the point t ∈ [−1, 1] can be rephrased as follows. Let ε > 0, and let
where χ(t, ε) is the characteristic function of the segment [t − ε, t + ε]. If we set
then Theorem 3.1 states that
To prove this, we need some estimates of the numbers |j−tbg(q)|≤εbg(q) I(g, q, a g (q) + j)
which are based on the following results from [DP/H] . Let t and ε be as above, and let
If Λ is a rectilinear lattice, i.e., it has a rectilinear fundamental domain with edges parallel to the coordinate axes, then one has the following Then there exists a constant c depending only on g such that
where covol (Λ) is the volume of a fundamental domain of Λ.
In fact, this result is proved in [DP/H] only for t = 0, ε = 1, i.e., in the case V g (t, ε) = V g , but the proof remains valid for any pair (t, ε) since V g (t, ε) satifies the same Lipschitz conditions as V g .
In order to apply Lemma 3.4 to estimate the above sums, we need the following simple fact:
Lemma 3.5. Let us fix ε > 0 and t ∈ (−1, 1) and let
Then there exists a positive real function δ(q) on the set of prime powers such that
Proof of Lemma 3.5. Let
for some function δ(q) with lim q→∞ δ(q) = 0. Indeed, let A be an abelian variety over F q of dimension g with
Since a g (q) = q g (1 + O(1/q)), the behaviour of #A(F q ) − a g (q) is governed by the value of b 1 , and this gives the inclusion; the left inclusion in the first formula can be proved similarly.
End of the Proof of Theorem 3.1. Note that M g,q (t, ε) = #I(g, q, t, ε) = #O(g, q, t, ε) + #N (g, q, t, ε), with I(g, q, t, ε) as in the proof of Lemma 3.5. Using Lemma 3.5 we see that
Then we apply Lemma 3.4 to the lattices Λ = Λ q , Λ q , and Λ q , their respective covolumes being q −g(g+1)/4 , pq −g(g+1)/4 , sq −g(g+1)/4 . Thus we get
Thus, if we let q tend to infinity and then ε to zero, we get the theorem using the obvious continuity of v g (2gt).
Principal properties of the limit measure
In this section we present the principal properties of the limit measure, thus concluding the proof of Theorem B of the Introduction, and we calculate the measure explicitly for small values of g, thus proving Theorem C.
Theorem 4.1. Let g ≥ 2. The limit measure µ g,∞ on [−1, 1] is given by
where the function F (t) satisfies the following conditions (1) F g (t) is continuous and even, F g (−1) = F (1) = 0, and
Proof. Assertion 1 is obvious from Theorem 3.1; assertion 4 is equivalent to
To prove 2 and 3, we need another expression for F g (t), which will also be useful for explicit calculations in low dimensions. We maintain the notation used at the beginning of Section 3. Let us define
and denote by Φ λ the restriction of Φ to I g (λ); thus, Φ λ is a homeomorphism of I g (λ) onto V (λ). One has Φ λ = X λ · Ψ λ , in the obvious notation. Since
for any i ∈ [2, g], we see that the ((g − 1)-dimensional) volume of V (λ) equals that of Ψ λ (I g (λ) ). Let now (as in [DP/H] , Section 2.2) Ω : R g → R g be the power sum map that sends r = (r 1 , . . . , r g ) ∈ R g to (p 1 , . . . , p g ) ∈ R g , where p i = r and p 1 = −c 1 . Thus we can write Ω λ = Υ λ · Ψ λ . This implies that the determinant of Jac Υ λ equals (−1) g−1 g!. Therefore, the volume of Ψ λ (I g (λ)) is equal to 1/g! times the volume of Ω λ (I g (λ) ). Note that
Then, since Ω λ is injective on I g (λ), the volume of Ω λ (I g (λ)) is equal to the integral of | det Jac Ω λ | over I g (λ); for det Jac Ω λ one gets we shall also denote it by s λ (x 1 , . . . , x g−1 ). The degree of s λ (x 1 , . . . , x g−1 ) equals g(g − 1)/2. Since the determinant depends only on the differences of the x i 's, one may shift the integration domain to
If one rescales the variables by setting x i = 4y i , one finds
Let us set
, s µ (y 1 , . . . , y g−1 ) := s λ (x 1 , . . . , x g−1 ).
For each µ ∈ [0, g] the set Σ g (µ) is defined by linear inequalities and thus
. Then, t = λ/2g satisfies assertion 2, since s µ (y 1 , . . . , y g−1 ) has rational coefficients. Moreover, for µ ∈ [0, 1] one gets the following expression for P g,1 (t):
which is clearly of the form cµ (g+2)(g−1)/2 , thus proving assertion 3.
Proof of Theorem C. (i) As we have seen in Section 3 (Theorem 3.1)
, an elementary calculation of the integral yields the result.
(ii) The above formulas read here as follows 
Frobenius roots distribution
In this section we prove Theorem A. Let A be an abelian variety over F q , dim A = g, and X A,q , Θ A,q be as in Section 1. Consider the following measures on Σ g ν g,q := 1
where I(g, q) is the number of F q -isogeny classes of g-dimensional abelian varieties over F q and J(g, q) is that for isomorphism classes, the first sum being taken over the set of (representatives of) isogeny classes and the second over isomorphism classes. One can rewrite the last formula as
the sum here is taken over the set of isogeny classes, J(g, q, A) being the cardinality of the isogeny class containing A. These measures (belonging to the space C(Σ g ) * , the topological dual of the space of continuous functions on Σ g ) are probability and characterize the distribution of the Frobenius angles for g-dimensional abelian varieties over F q . The Sato-Tate conjecture in this setting says that lim q→∞ν g,q = µ ST (g) while Theorem A can be restated as follows:
Theorem 5.1. For any fixed integer g ≥ 1 one has
Proof. Let us put r i = 2 cos πθ g−i , i = 1, . . . , g, in the above notation. This gives a diffeomorphism Ξ : Σ g → I g . The composition Φ · Ξ defines a diffeomorphism of Σ g on V g with the Jacobian
which follows directly from the above calculation of the Jacobian of Φ in the proof of Theorem 3.1 and the definition of Ξ. Since the argument of Section 3 shows that the isogeny classes of g-dimensinal abelian varieties become uniformly distributed on V g for q → ∞, the theorem is proved.
6. Some open problems and comments 6.1. We have calculated the functions F 2 and F 3 . For any given (small) g it is not difficult to calculate F g explicitly, using, e.g., Mathematika or Maple (the author carried out these calculations for g = 4 and 5). We do think that one can also give an explicit formula for F g (i.e., for P g,i with i = 1, . . . , g) but as yet we are unable to obtain one. It is also natural to suppose that F g (t) is decreasing (resp., increasing) for t ∈ (0, 1) (resp., t ∈ (−1, 0)), which is the case for small values of g.
6.2. One can as well be interested in calculating the distribution of F q -isomorphism classes of g-dimensional abelian varieties over possible values of N . The methods of [DP/H] and those of the present paper are of no use here. Note, however, that if the Sato-Tate conjecture (with appropriate remainder term) holds for g-dimensional abelian varieties, this question could be answered. We hope to return to this suject elsewhere.
6.3. The value of v g is in fact a certain Selberg integral (cf. [DP/H] , Section 2). This hints to possible connections with random matrix ensembles [Meh] . It would be very interesting to establish them. For example, one could consider a version of the main problem of [Ka/Sa], which uses isogeny classes of abelian varieties rather than isomorphism classes (the latter being used in [Ka/Sa], Ch. 11). The methods of the present paper could be of some use for such a version; we hope to return to this question in a subsequent paper.
6.4. The behaviour of µ g,∞ for g ≥ 2 differs significantly from that of µ 1,∞ . In particular, its density F g (t) tends to 0 when t tends to ±1. For example, F 2 (t 0 ) < 1 for any t 0 ∈ (1/2, 1]. This means that for a small ε > 0 there exists a positive proportion (for q → ∞) of N ∈ (a 2 (q)t 0 − εa 2 (q), a 2 (q)t 0 + εa 2 (q)) with I(g, q, N ) = 0, i.e., with no abelian varieties (of dim A = 2) such that #A(F q ) = N . This situation is again completely different from that for elliptic curves. It would be very interesting to know whether the same is true for abelian varieties of any dimension g ≥ 2. The methods of the present paper give a statement for g ≥ 3 that is considerably weaker.
